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Abstract
Let D be a two-dimensional Noetherian domain, let R be an overring of D, and let Σ and Γ be collections
of valuation overrings of D. We consider circumstances under which (
⋂
V∈Σ V ) ∩ R = (
⋂
W∈Γ W) ∩ R
implies that Σ = Γ . We show that if R is integrally closed, these representations are “strongly” irredundant,
and every member of Σ ∪ Γ has Krull dimension 2, then Σ = Γ . If in addition Σ and Γ are Noetherian
subspaces of the Zariski–Riemann space of the quotient field of D (e.g. if Σ and Γ have finite character),
then the restriction that the members of Σ ∪ Γ have Krull dimension 2 can be omitted. An example shows
that these results do not extend to overrings of three-dimensional Noetherian domains.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
If H is an integral domain with quotient field F , then an overring of H is a ring R such that
H ⊆ R ⊆ F . If also R is a valuation ring (that is, the ideals of R are linearly ordered with respect
to ⊆), then R is a valuation overring of H . This article is motivated by the problem of describing
integrally closed overrings of a two-dimensional Noetherian domain D. Non-Noetherian inte-
grally closed overrings of D arise for example when considering rings of invariants, affineness
of open sets of projective schemes, holomorphy rings and direct limits of blowup algebras. Since
a domain is integrally closed if and only if it is the intersection of its valuation overrings, a funda-
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of D and an integrally closed overring R of D, the finite cancellation property holds:
V1 ∩ · · · ∩ Vn ∩R = W1 ∩ · · · ∩Wm ∩R ⇒ {V1, . . . , Vn} = {W1, . . . ,Wm}.
To make this question meaningful, we must assume that none of the Vi ’s or Wj ’s can be omitted
from the intersection; that is, they are irredundant in their respective intersections. W. Heinzer
and J. Ohm proved in Corollary 6.4 of [11] that if all the Vi ’s and Wj ’s have Krull dimension 1,
then cancellation does indeed hold. In fact, this result, which we discuss in more detail in Sec-
tion 5, follows from general principles, and it holds for any underlying domain D, not just the
Noetherian case.
However, returning to our setting of overrings of the two-dimensional Noetherian domain D,
it is easy to see cancellation can fail if one of the Vi ’s has Krull dimension > 1:
Example 1.1. Let H be an integrally closed local Noetherian domain of Krull dimension 2. Let
P be a fixed height 1 prime ideal of H , and let X be the collection of height 1 prime ideals of H
distinct from P . Let R =⋂Q∈X HQ, and observe that H = R since H is a Krull domain. Let W
be a valuation overring of H of Krull dimension 2 such that H ⊆ W ⊆ HP . Then H = W ∩R =
HP ∩R and W and HP are irredundant in these representations of H , yet W = HP .
Inspection of this example shows that cancellation fails for a rather trivial reason; namely,
the valuation ring W can be replaced in the intersection by the larger valuation ring HP . Thus
we rephrase the cancellation property to require that none of the Vi ’s or Wj ’s can be replaced
in the intersection with one of its proper overrings. We say in this case that the Vi ’s and Wj ’s
are strongly irredundant in the intersection. In Theorem 5.4 we prove that cancellation holds
for any (possibly infinite) collections of valuation overrings of D, when these valuation rings
all have Krull dimension 2 and the intersections are strongly irredundant. (What we prove is
actually stronger than this.) If in addition we assume that these collections of valuation rings
are Noetherian subspaces of the Zariski–Riemann space of the quotient field of D, then we
need not restrict to valuation overrings of Krull dimension 2 (Corollary 5.6). Thus, as a con-
sequence, the finite cancellation property holds for strongly irredundant intersections over D.
Example 6.2 shows that this theorem is tight, in the sense that the cancellation property can fail
over a Noetherian domain of Krull dimension 3. We in fact use heavily throughout this paper that
the base domain D is a Noetherian ring of Krull dimension 2.
The cancellation problem can be rephrased in terms of the uniqueness of representations of
an integrally closed overring of D, a point of view we elaborate on now by introducing some
terminology. The Zariski–Riemann space of the domain H is the set Zar(H) of all valuation
overrings of H endowed with the topology whose basic open sets are of the form
U(x1, . . . , xn) :=
{
V ∈ Zar(H): x1, . . . , xn ∈ V
}
,
where x1, . . . , xn are in the quotient field of H ; cf. [20, Chapter VI, Section 17]. Let R be an
overring of H . We say that a collection Σ of valuation overrings of H is an R-representation of
H if H = (⋂V∈Σ V )∩R.
An R-representation Σ of H is irredundant if no proper subset of Σ is an R-representation
of H . An R-representation Σ of H is strongly irredundant if no member V of Σ can be replaced
with a proper overring V1 of V . More precisely, Σ is a strongly irredundant R-representation of
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of H . Also, we consider the special case in which H has a Noetherian R-representation, i.e. a
representation that is a Noetherian subspace of Zar(H). If H has such a representation, then
there exists a strongly irredundant Noetherian R-representation of H (see (2.1d)), and we prove
in Corollary 5.7 that this representation is the unique such R-representation of H .
Sometimes we will need to refer to the following special case. If V is a valuation overring
of H , and R is an overring of H such that H = V ∩ R, then V is (strongly) irredundant in
the intersection H = V ∩ R if {V } is a (strongly) irredundant R-representation of H . If V has
Krull dimension 1, then clearly V is irredundant in H = V ∩ R if and only if V is strongly
irredundant. Thus the distinction between irredundance and strong irredundance is significant
only for valuation domains of Krull dimension > 1. Example 1.1 shows that a valuation ring
may be irredundant in a given intersection, but not strongly irredundant.
Throughout the article, if H is a domain, P is a prime ideal of H and R is an overring of H ,
then we write RP for the localization of R at the multiplicatively closed set H \ P .
2. Preliminaries
For the rest of this article, D denotes a Noetherian domain of Krull dimension 2. We will
frequently consider the following situation: D ⊆ H ⊆ R, where H and R are overrings of D. As
discussed in [4, Chapter 5], the Krull dimension and valuative dimension (that is, the supremum
of the Krull dimensions of the valuation overrings) of a Noetherian domain coincide, so neces-
sarily every valuation overring of D has Krull dimension  2. Based on this, we introduce the
following notation.
Notation. Let V be a valuation overring of D. We write MV for the maximal ideal of V . If
V is a field, we define PV = 0; otherwise, we define PV to be the height 1 prime ideal of V .
Thus if V is not a field, then 0  PV ⊆ MV and Spec(V ) = {0,PV ,MV }. For a collection Σ of
valuation overrings of D, we define Σ∗ = {VPV : V ∈ Σ}. Note that every member of Σ∗ has
Krull dimension  1.
A topological space is Noetherian if its open sets satisfy the ascending chain condition.
Noetherian representations (that is, representations that are Noetherian subspaces of Zar(D)) of
integrally closed domains are studied in [17], and we cite next some results from this reference
that are needed later.
(2.1) Noetherian R-representations. Let H be a domain (not necessarily an overring of a two-
dimensional Noetherian domain), let R be an overring of H , and let Σ be a collection of valuation
overrings of H .
(a) If Σ has finite character, then Σ is a Noetherian subspace of Zar(H) [17, Proposition 3.2].
(Recall that a collection of overrings Σ of a domain H has finite character if each nonzero
element of H is a unit in all but at most finitely many members of Σ .)
(b) If each member of Σ has Krull dimension 1, then Σ is a Noetherian subspace of Zar(H)
if and only if Σ has finite character [17, Theorem 3.4]. (However, if Σ contains members
of Krull dimension > 1, then Σ can be Noetherian but not have finite character. This is
illustrated later by Lemma 4.3.)
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(d) If Σ is a Noetherian R-representation of H , then there exists a strongly irredundant
Noetherian R-representation Γ of H [17, Theorem 4.2]. If also H is an overring of the
two-dimensional Noetherian domain D, then Σ∗ has finite character and Γ ⊆ Σ ∪ Σ∗ [17,
Theorems 3.4 and 4.2].
(2.2) Notation. If H is a domain, I is an ideal of H and Σ ⊆ Zar(H), then we define Σ(I) =
{V ∈ Zar(H): I ⊆ MV }. Define f : Zar(H) → Spec(H) by f (V ) = MV ∩ H for each V ∈
Zar(H). Then f is a continuous closed mapping [20, Lemmas 1 and 4, pp. 116–117], so since
Σ(I) = Σ ∩ f−1({P ∈ Spec(H): I ⊆ P }), it follows that Σ(I) is a closed subspace of Σ .
(2.3) Classification of valuation overrings of D. A valuation domain is rational if its value group
is isomorphic as a totally ordered abelian group to a nonzero subgroup of the rational numbers.
A valuation domain is irrational if it is not rational and its value group is isomorphic as a totally
ordered abelian group to a nonzero subgroup of the real numbers. A valuation overring of D
that is not a field is either rational, irrational or has Krull dimension 2 [1, Theorem 1]. A DVR
is a rank one discrete valuation ring; i.e. a DVR is a Noetherian valuation domain. If a valuation
overring V of D has Krull dimension 2, then VPV and V/PV are DVRs [1, Remark 2].
(2.4) Prime divisors of D. Among the DVRs, the essential prime divisors of D are those of the
form DP , where P is a height one prime ideal of the integral closure D of D. The hidden prime
divisors are those DVR overrings V of D such that MV ∩ D is a maximal ideal of D and the
residue field V/MV of V has transcendence degree 1 over the field D/(MV ∩ D). A hidden
prime divisor has the property that its residue field is a finitely generated extension of the residue
field of its center in D. In other words, the residue field of a hidden prime divisor is a function
field of transcendence degree 1 over the residue field of its center in D [1, Theorem 1(4)]. If V
is a valuation overring of D of Krull dimension 2, then VPV is either an essential prime divisor
of D or a hidden prime divisor of D.
(2.5) Prime ideals contracted from maximal ideals of valuation overrings. If H is an overring of
D and V is a valuation overring of D such that V is not a field and V is neither a hidden prime
divisor nor an essential prime divisor of D, then MV ∩H is a maximal ideal of H . Indeed, MV ∩
D is a height 2 maximal ideal of D, since otherwise V is a localization of the integral closure D
of D, and hence an essential prime divisor. By the dimension inequality for Noetherian rings, the
transcendence degree of the field V/MV over the field D/(MV ∩ D) is  1, so since V is not a
hidden prime divisor of D, V/MV must be algebraic over D/(MV ∩ D) [16, Theorem 15.5]. It
follows that H/(MV ∩H) is a field, so that MV ∩H is a maximal ideal of H .
(2.6) Nonmaximal prime ideals of integrally closed overrings of D. If P is a nonzero nonmax-
imal prime ideal of an integrally closed overring H of D, then HP is a DVR. For let M be a
maximal ideal of H properly containing P , and let x ∈ M \ P . Then by the Krull–Akizuki The-
orem the integral closure B of D[x] is a Noetherian domain, and since H is integrally closed,
B ⊆ H . Moreover, x ∈ (M ∩ B) \ (P ∩ B), so that P ∩ B is a nonmaximal prime ideal of B .
Thus BP∩B is a DVR since by the dimension inequality for Noetherian rings P ∩ B must have
height 1 [16, Theorem 15.5]. Also, BP∩B ⊆ HP , so since BP∩B is a DVR it follows that these
two rings are equal. Hence HP is a DVR.
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of an integrally closed overring H of D and P is an invertible ideal (i.e. PP−1 = H ), then
HP is a valuation ring. For without loss of generality we may assume that H is quasilocal with
principal maximal ideal P . Then Q :=⋂k>0 P k is the unique largest nonmaximal prime ideal
of H , and H/Q is a DVR. If Q = 0, then H is a DVR. Otherwise, if Q = 0 we have by (2.6)
that HQ is a DVR, so since Q = QHQ, it follows that H is a valuation domain; see for example
[3, Proposition 1.1.8].
3. Strong irredundance
In this section we analyze the situation H = V ∩ R, where H , V and R are overrings of D
(recall our standing hypotheses on D) and V is a valuation ring that is strongly irredundant in
this intersection. We collect for later use some technical properties arising from this situation.
With the exception of the first lemma, which is an easy generalization of Lemma 1.3 of [11], we
consider overrings of the two-dimensional Noetherian domain D. Although we do not require
them here, a number of interesting properties of intersections H = V ∩R, where V is a valuation
ring of Krull dimension 1 and no assumption is made on whether these rings are overrings of
some given ring, are proved in [9,11].
Lemma 3.1. Let H be a domain, and suppose that H = V ∩ R, where V and R are overrings
of H and V is a valuation ring having a nonmaximal prime ideal P such that V/P is a rational
valuation ring. Let M = MV ∩H . If V ⊆ HP∩H , then V = HM or VP ∩R = V ∩R. In particular,
if V is a rational valuation ring, H = V ∩R and H = R, then V = HM .
Proof. Suppose that VP ∩R = V ∩R. We show that V = HM . Clearly, HM ⊆ V , so we need only
prove the reverse inclusion. By assumption there exists x ∈ (VP ∩R) \V . Hence x−1 ∈ MV \P .
Let a/b ∈ V , where a ∈ H and b ∈ H \ P (by assumption V ⊆ HP∩H ). If b /∈ M , then b is a
unit in HM , so clearly a/b ∈ HM . Thus we assume that b ∈ MV \ P . Since b, x−1 ∈ MV \ P
and V/P is a rational valuation ring, there exists k,n > 0 such that x−kV + P = bnV + P .
Since V is a valuation ring and neither x−k ∈ P nor b ∈ P , it follows that x−kV = bnV . Hence
xkbn ∈ V , so xkbn(a/b) = xkbn−1a ∈ V ∩ R = H . Since xkbn ∈ H \ M , we have a/b ∈ HM .
Thus V ⊆ HM . 
Proposition 3.2. Let H be an integrally closed overring of D, and let R be a proper overring
of H . Suppose that there exists a valuation overring V of H such that H = V ∩ R. Let M =
MV ∩H . Then the following statements are equivalent.
(1) V is strongly irredundant in H = V ∩R.
(2) V = HM or M = PV ∩H .
(3) V is strongly irredundant in V ∩R1 for every overring R1 of R.
(4) V is strongly irredundant in HM = V ∩RM .
Proof. (1) ⇒ (2). Suppose that V is strongly irredundant in H = V ∩ R, and suppose that
P := PV ∩H is properly contained in M . By (2.6) HP = VPV . If V has Krull dimension 1, then
HM = V . Thus we suppose that V has Krull dimension 2 and P is properly contained in M .
Then by (2.3) V/P is a DVR, so by Lemma 3.1 V = HM or H = VPV ∩ R. If H = VPV ∩ R,
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the assumption that V has Krull dimension 2. Thus V = HM .
(2) ⇒ (1). Suppose that Q is a prime ideal of V such that H = VQ∩R. We show that V = VQ.
By (2) we may consider 2 cases.
Case 1. V = HM .
In this case V = HM = VQ ∩ RM . Thus since V is a valuation domain, V = VQ or R ⊆ V .
The latter case contradicts the assumption that H = R. Hence V = VQ, so that V is strongly
irredundant in H = V ∩R.
Case 2. M = PV ∩H .
Suppose that Q (where Q is as above) is a nonmaximal prime ideal of V . Necessarily Q = 0,
since V is irredundant in H = V ∩ R. This forces by (2.3) the Krull dimension of V to be 2,
so also by (2.3) VQ is a DVR. Since H = R, VQ cannot be omitted from H = VQ ∩ R. Hence
by Lemma 3.1, VQ = HP , where P = Q ∩ H . Since PV is a height 1 prime ideal of V , it must
be that PV ⊆ Q ⊆ MV , so M = PV ∩ H = Q ∩ H = P . Thus VQ = HM ⊆ V , which forces
VQ = V , contrary to the fact that V has Krull dimension 2. Thus we conclude that Q is the
maximal ideal of V and V is strongly irredundant in H = V ∩R.
(1) ⇒ (3). Assume that V is strongly irredundant in H = V ∩ R. Let R1 be an overring
of R, and define B = V ∩ R1. If B = VPV ∩ R1, then VPV ∩ R ⊆ VPV ∩ R1 = B ⊆ V , so that
H = VPV ∩R, a contradiction. Thus (3) holds.
(3) ⇒ (4). This is clear.
(4) ⇒ (2). By the equivalence of (1) and (2) (applied to HM = V ∩ RM ), we have V = HM
or MHM = PV ∩HM . Thus V = HM or M = PV ∩H . 
The following corollary shows that strong irredundance is absolute in the sense that a val-
uation ring that is strongly irredundant in one representation is strongly irredundant in every
representation in which it is irredundant. Note the subtle difference from Proposition 3.2(3): In
the corollary, we do not require R1 to be an overring of R.
Corollary 3.3. Let H , R, V be as in Proposition 3.2, and suppose that V is strongly irredundant
in H = V ∩ R. If R1 is a proper overring of H such that H = V ∩ R1, then V is strongly
irredundant in H = V ∩R1.
Proof. By Proposition 3.2, V = HMV ∩H or MV ∩H = PV ∩H , so by (1) ⇔ (2) of the proposi-
tion applied to H = V ∩R1, V is strongly irredundant in H = V ∩R1. 
We next give a useful criterion for when the ring V in H = V ∩R is a localization of H . If H
is a domain with quotient field F and I is an ideal of H , then we set End(I ) = {q ∈ F : qI ⊆ I }.
Proposition 3.4. Let H , R, V and M be as in Proposition 3.2, and suppose that V is strongly ir-
redundant in H = V ∩R and V has Krull dimension 2. Then V = HM if and only if V ⊆ HPV ∩H ;
if and only if End(MV ) = VPV .
Proof. By (2.3) V/PV is a DVR. Also, by assumption VPV ∩ R = V ∩ R, so by Lemma 3.1,
V = HM if and only if V ⊆ HPV ∩H . Next suppose that V = HM . Since V is a valuation
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End(MV ) = VPV . Conversely, suppose that V = HM . Since V is strongly irredundant in H =
V ∩R, there exists x ∈ (VPV ∩R) \ V . Hence x−1 ∈ MV . Let m ∈ M . Since by Proposition 3.2,
M ⊆ PV , and since PV VPV = PV , we have for all k > 0, xkM ⊆ PV ∩ R = M . Hence V [x] ⊆
End(MV ). Since x ∈ VPV \ V , it must be that V [x] = VPV . This proves End(MV ) = VPV , since
the only proper overring of V that is not a field is VPV . 
Corollary 3.5. Let H , R, V and M be as in Proposition 3.2, and suppose that V is strongly
irredundant in H = V ∩R. If PV ∩H is a nonmaximal prime ideal of H , then V = HM .
Proof. Since PV ∩H is a nonmaximal prime ideal of H , we have from (2.6) that HPV ∩H = VPV .
If PV = MV , then the claim is clear. Otherwise, V has Krull dimension 2 and V ⊆ HPV ∩H , so
by Proposition 3.4, V = HMV ∩H . 
Let H be a domain with quotient field F , and let B and C be nonzero H -submodules of F .
We denote by (C : B) the set {x ∈ F : xB ⊆ C}. Then (C : B) is an H -submodule of F . For a
fractional ideal I of H , we define I−1 = (H : I ). A fractional ideal I is divisorial if (I−1)−1 = I .
The next proposition is needed later in the proof of Lemma 5.1.
Proposition 3.6. Let H , R, V and M be as in Proposition 3.2, and suppose that V is strongly
irredundant in H = V ∩R. If V has Krull dimension 2, then M is a divisorial ideal of H .
Proof. Since V has Krull dimension 2, M is a maximal ideal of H by (2.5). Consider first
the case where HM = V . Then by Proposition 3.4, End(MV ) = VPV , so VPV ∩R ⊆ (V : MV )∩
(R : MR) = M−1, and since H = VPV ∩R, it follows that H = M−1. Thus since M is a maximal
ideal of H , it must be that (M−1)−1 = M , proving that M is a divisorial ideal of H .
Next suppose that V = HM , and assume that M is not a divisorial ideal of H . Then since
M is a maximal ideal of H , M−1 = H , and it follows that M−1 = M−k = H for all k > 0.
Now M−k = (V : Mk) ∩ (R : Mk). By (2.3) there exists x ∈ M such that MHM = xV . Hence
for all k > 0, H = M−k = x−kV ∩ (R : Mk), which implies that H = x−kV ∩ R for all k > 0.
Since
⋃
k>0 x
−kV = V [x−1] = VPV , we have H = VPV ∩ R, contrary to the assumption that V
is strongly irredundant in H = V ∩R. Therefore, M is a divisorial ideal of H . 
Corollary 3.7. Let H be an integrally closed Noetherian domain of Krull dimension 1 or 2. Then
a valuation overring V of H is strongly irredundant in some representation of H if and only if
V is an essential prime divisor of H .
Proof. Suppose that V is strongly irredundant in some representation of H . If V has Krull
dimension 2, then by (2.5) and Proposition 3.6, MV ∩ H is a divisorial maximal ideal of H .
Thus since H is a Krull domain, MV ∩ H is a height 1 prime ideal of H . But then HMV ∩H is
a Noetherian domain of Krull dimension 1 that has a valuation overring of Krull dimension 2,
which is impossible. Therefore, V does not have Krull dimension 2, so by (2.3), V is either a
rational valuation ring or an irrational valuation ring. If V is a rational valuation ring, then by
Lemma 3.1 V = HMV ∩H , so that V is an essential prime divisor of H . On the other hand, suppose
that V is an irrational valuation ring, and let M = MV ∩ H . Since V is an irrational valuation
ring that is strongly irredundant in some representation of H , MV = MV [12, Theorem 1.1].
But since M is a finitely generated ideal of H , this forces MV to be a principal ideal of V ; that
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must be that V is an essential prime divisor of H . Conversely, if V is an essential prime divisor
of H , then since H is a Krull domain, V = HPV ∩H is strongly irredundant in the representation{HQ: Q is a height 1 prime ideal of H } of H . 
In contrast to Corollary 3.7 we see in Example 6.4 that it is possible for an integrally closed
overring of a two-dimensional Noetherian domain to have no irredundant representatives.
To conclude this section we record in Proposition 3.9 another consequence of strong irredun-
dance that we rely on in the proof of Theorem 4.5.
Lemma 3.8. Let H , R, V and M be as in Proposition 3.2, and suppose that V is strongly
irredundant in H = V ∩R. Let B = End(M)∩R. If V has Krull dimension 2 and V = HM , then
B = VPV ∩R and PV ∩B is a nonmaximal prime ideal of B .
Proof. By Proposition 3.4, End(MV ) = VPV , so if x ∈ VPV ∩R, then xM ⊆ xMV ∩R ⊆ MV ∩
R ⊆ MV ∩ R = M . Hence VPV ∩ R ⊆ End(M) ∩ R = B . On the other hand, since End(MV ) =
VPV , it is clear that B ⊆ VPV ∩R. This proves that B = VPV ∩R. Now define P = PV ∩B , and
observe that P = PV ∩ H since H = V ∩ R. By Proposition 3.2, P = M . We claim that P is
a nonmaximal prime ideal of B . Suppose otherwise; that is, suppose that B/P is a field. Since
B = H , there exists x ∈ (VPV ∩ R) \ V . Then x ∈ B \ P , so since B/P is a field, there exists
y ∈ B \P such that xy − 1 = p for some p ∈ P . Hence y = x−1 + x−1p. Since x /∈ V , we have
x−1 ∈ MV . Consequently, since P ⊆ MV , we have y ∈ MV ∩B = MV ∩R = MV ∩H = P . But
then y ∈ P , contrary to assumption. Hence P is a nonmaximal prime ideal of B . 
Proposition 3.9. Let R be an integrally closed overring of D. If V is a valuation overring of D
such that R  V and R ⊆ VPV , then RPV ∩R = VPV .
Proof. Suppose that R  V and R ⊆ VPV . Then necessarily by (2.3), V has Krull dimension 2.
Define H = V ∩ R. If H = VPV ∩ R, then since R ⊆ VPV , we have R = H ⊆ V , contrary to
assumption. Thus V is strongly irredundant in H = V ∩R. Let M = MV ∩H . If V = HM , then
since R ⊆ VPV we have by Lemma 3.8 that PV ∩ R is a nonmaximal prime ideal of R. Thus,
since R is integrally closed, we have by (2.6) that RPV ∩R = VPV . On the other hand, suppose that
V = HM . Then VPV = HPV ∩H ⊆ RPV ∩R , so that since VPV is a DVR we have VPV = RPV ∩R . 
4. A class of strongly irredundant Noetherian representations
In this section we prove a theorem regarding the existence of a strongly irredundant
Noetherian R-representation under hypotheses that will be useful in the next section. In fact
the theorem is stronger than what we require for the next section, where it is Corollary 4.6 that
proves crucial. (However, the full strength of Theorem 4.5 is needed in [18].) Our proof of The-
orem 4.5 relies on the fact that for a hidden prime divisor V of D, V/MV is a function field
of transcendence degree 1 over D/(MV ∩ D) (see (2.4)), and so we may apply the Strong Ap-
proximation Theorem for projective curves to obtain a version of uniqueness for intersections of
valuation rings in function fields. Specifically, we make crucial use of the following lemma.
Lemma 4.1. Let K be a field, and let F be a finitely generated field extension of K of transcen-
dence degree 1. Let A be a proper K-subalgebra of F having quotient field F , and let Σ be a
842 B. Olberding / Journal of Algebra 318 (2007) 834–855collection of valuation rings containing K and having quotient field F . Suppose that there is a
valuation ring U containing K and having quotient field F such that (⋂V∈Σ V )∩A ⊆ U . Then
U ∈ Σ or A ⊆ U .
Proof. Since A has quotient field F and F is a finitely generated field extension of K , there
exists a finitely generated K-subalgebra B ⊆ A such that B has quotient field F . Hence A is
a Noetherian domain since it is an overring of the one-dimensional Noetherian domain B . Let
A and B denote the integral closure of A and B , respectively, in the quotient field of A. Now
B ⊆ A, and since B is a finitely generated K-algebra, there exists a nonzero element b ∈ B such
that bB ⊆ B [16, p. 262]. Moreover, since B is a Dedekind domain, it follows that A = AB .
Hence bA ⊆ A. Without loss of generality we may assume that b is not a unit in A. Since A is a
Dedekind domain, there exist e > 0 and maximal ideals M1, . . . ,Mk of A such that Me1 ∩ · · · ∩
Mek ⊆ bA ⊆ A. Thus:
( ⋂
V∈Σ
V
)
∩Me1 ∩ · · · ∩Mek ⊆
( ⋂
V∈Σ
V
)
∩A ⊆ U. (1)
For each j = 1, . . . , k, let Wj = AMj . Let Γ be the collection of valuation overrings of A not
in the set {W1, . . . ,Wk}. Then A = W1 ∩ · · · ∩Wk ∩ (⋂W∈Γ W). Moreover:
Me1 ∩ · · · ∩Mek = Me1W1 ∩ · · · ∩MekWk ∩
( ⋂
W∈Γ
W
)
. (2)
Thus by applying (1) and (2) we obtain:
( ⋂
V∈Σ
V
)
∩Me1W1 ∩ · · · ∩MekWk ∩
( ⋂
W∈Γ
W
)
⊆ U. (3)
For each V ∈ Σ ∪ Γ , let vV denote the valuation corresponding to V , and for each j =
1,2, . . . , k, let wj denote the valuation corresponding to Wj . Set Σ ′ = Σ ∪ Γ ∪ {W1, . . . ,Wk},
and suppose by way of contradiction that U /∈ Σ ′. Let u be the valuation corresponding to U ,
and let Δ denote the set of valuation rings that contain K and have quotient field F . Since F
is a finitely generated field extension of K of transcendence degree 1, we may apply the Strong
Approximation Theorem [7, Theorem 2.2.13]. Namely, since by assumption Δ = Σ ′, there exists
x ∈ F such that
(a) vV (x) 0 for all V ∈ Σ ∪ Γ , and
(b) wj(x) = e for all j = 1,2, . . . , k.
If it is the case that Δ = {U} ∪ Σ ′, then from (3) it follows that x is an element of the algebraic
closure K of K in F , contrary to wj(x) > 0 for all j = 1, . . . , k. Thus Δ = {U} ∪ Σ ′, so by an-
other application of the Strong Approximation Theorem we may choose x ∈ F such that (a) and
(b) hold as well as: (c) u(x) < 0. This contradicts the consequence of (1) that x ∈ U . Therefore,
U ∈ Σ ′, which implies that A ⊆ U or U ∈ Σ . 
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overrings of a one-dimensional Noetherian domain.
Lemma 4.2. Let A be a Noetherian domain of Krull dimension 1, let W be a valuation overring
of A and let R be an overring of A. Suppose that Σ is a collection of valuation overrings of A
such that (
⋂
V∈Σ V )∩R ⊆ W . Then W ∈ Σ or R ⊆ W .
Proof. We may assume that Σ does not contain the quotient field of A. Define B =
(
⋂
V∈Σ V ) ∩ R, and let M = MW ∩ B . Since A is a Noetherian domain of Krull dimension 1,
Zar(A) is a Noetherian space. Hence Σ is a Noetherian subspace of Zar(A), so the intersection
of members of Σ commutes with localization (2.1c); that is,
BM =
( ⋂
V∈Σ
VM
)
∩RM ⊆ W. (4)
If no member of Σ is centered on M , it follows since M has height 1 that VM is the quotient
field of A for each V ∈ Σ . Thus if no member of Σ is centered on M , R ⊆ W , and the proof
is complete. On the other hand, suppose that R  W and some member of Σ is centered on M .
Since BM is a local Noetherian domain of Krull dimension 1, Zar(BM) is finite, so there are only
finitely many members, say V1, . . . , Vn, of Σ such that (Vi)M is not the quotient field of A. Since
each V ∈ Σ is a DVR, it follows from (4) that BM = V1 ∩· · ·∩Vn ∩RM . By assumption R  W ,
so it must be that some Vi is (strongly) irredundant in this intersection. Since BM is a quasilocal
domain of Krull dimension 1, this forces by Lemma 3.1 BM = Vi . Thus Vi ⊆ W , and since Vi
and W are DVRs, we conclude that W = Vi ∈ Σ . 
The next lemma gives a sufficient condition, one which we encounter in Theorem 4.5, for
when a subspace of Zar(D) is Noetherian. As noted in (2.1d), if Σ is a Noetherian subspace of
Zar(D), then Σ∗ has finite character. Lemma 4.3 gives a partial converse to this fact. In general,
the lone assertion that Σ∗ has finite character is not enough to guarantee that Σ is a Noetherian
space; see Example 6.4 and the discussion that follows it.
Lemma 4.3. Suppose that Σ is a collection of valuation overrings of D, Σ∗ has finite character
and there are only finitely many essential prime divisors of D contained in Σ∗. Then Σ is a
Noetherian subspace of Zar(D) and Σ(a)∗ is a finite set for all nonzero ideals a of D.
Proof. Since by the Krull–Akizuki Theorem, the integral closure D of D in its quotient field is
a Noetherian domain, we may assume without loss of generality that D is an integrally closed
Noetherian domain. We first prove that if Σ∗ is finite, then Σ is a Noetherian subspace of Zar(D).
Since the union of finitely many Noetherian subspaces is Noetherian, it suffices to consider the
case where Σ∗ consists of a single element, say Σ∗ = {U}. If Σ = Σ∗, then clearly Σ is a
Noetherian space, so we assume that Σ = Σ∗. Let Q = MU . Then (D+Q)/Q ⊆⋂V∈Σ V/Q ⊆
U/Q. Now either D∗ := (D +Q)/Q is a field or a domain of Krull dimension 1. We claim that
in either case {V/Q: V ∈ Σ} has finite character. For then {V/Q: V ∈ Σ} is a Noetherian space
(2.1a), and since this space is homeomorphic to Σ , this proves that Σ is a Noetherian space when
Σ∗ is a finite set.
Suppose first that D∗ is a domain of Krull dimension 1. Then Q∩ D is a nonmaximal prime
ideal of D, so that DQ∩D = U . It follows that the quotient field of D∗ is U/Q, so {V/Q: V ∈ Σ}
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Dedekind domain, Zar(D∗) has finite character. Thus {V/Q: V ∈ Σ} has finite character, as
claimed. On the other hand, suppose that D∗ is a field, i.e. that Q∩D is a maximal ideal of D. If
Q∩D has height 1, then since DQ∩D is a Noetherian domain of Krull dimension 1, U = DQ∩D .
Moreover, in this case, for any V ∈ Σ , since V ⊆ U and MU ∩ D is a maximal ideal of D,
we have MU ∩ D = MV ∩ D, so that U = V ∈ Σ , contrary to the assumption that Σ = Σ∗.
Thus it must be that Q ∩ D has height 2, and by (2.4) U/Q is a function field over D∗ of
transcendence degree 1. So by [7, Lemma 2.1.2] the set of valuation rings in U/Q having quotient
field U/Q and containing D∗ has finite character. Thus {V/Q: V ∈ Σ} has finite character, and
this completes the proof that Σ is a Noetherian space in the case where Σ∗ is a finite set.
Now we prove the general case. Suppose that Σ ⊆ Zar(D), Σ∗ has finite character and there
are only finitely many essential prime divisors U1, . . . ,Un of D contained in Σ∗. To prove that
Σ is Noetherian it suffices to show that Σ(a) is a Noetherian space for each nonzero ideal a
of D. For if X is a closed subset of Σ , then there exist x1, . . . , xn in the quotient field of F such
that X ⊆ Σ \ U(x1, . . . , xn). There exists 0 = y ∈ D such that yx−1i ∈ D for all i = 1, . . . , n, so
X ⊆ Σ(yx−11 D)∪ · · ·∪Σ(yx−1n D). Thus since the union of finitely many Noetherian subspaces
is Noetherian, and since every subspace of a Noetherian space is Noetherian, to prove that Σ
is a Noetherian space, it suffices to show that Σ(a) is Noetherian for every nonzero ideal a
of D. In fact, by what we have established above, it suffices to show that Σ(a)∗ is finite for
every nonzero ideal a of D. Let a be a nonzero ideal of D. To prove that Σ(a)∗ is finite, it
suffices since Σ∗ has finite character to show that Σ(a)∗ ⊆ {U1, . . . ,Un} ∪ Σ∗(a). Suppose
that V ∈ Σ(a) and VPV /∈ Σ∗(a). Then a ⊆ MV \ PV . Hence PV ∩ D is properly contained
in MV ∩ D, so that PV ∩ D is a nonmaximal prime ideal of D. By (2.6) DPV ∩D = VPV , so
VPV is an essential prime divisor of D. Therefore, VPV ∈ {U1, . . . ,Un}, and we conclude that
Σ(a)∗ ⊆ {U1, . . . ,Un} ∪Σ∗(a). Thus Σ(a)∗ is finite, and the proof is complete. 
Remark 4.4. The proof of Lemma 4.3 shows that rather than assume that Σ∗ contains at most
finitely many essential prime divisors of D, it suffices to assume instead that the following set is
finite: {VPV : V ∈ Σ , V has Krull dimension 2 and VPV is an essential prime divisor of D}.
Theorem 4.5. Let H ⊆ R be integrally closed overrings of D, and let Γ = {V ∈ Zar(H): R  V ,
R ⊆ VPV }. If there is an R-representation Σ ⊆ Γ of H such that Σ∗ has finite character and
there are at most finitely many essential prime divisors of D contained in Σ∗, then Σ = Γ and
Σ is a strongly irredundant Noetherian R-representation of H .
Proof. If H = R, then Γ is empty, and the theorem is trivial. Thus we assume that H = R. By
Lemma 4.3, Σ is a Noetherian R-representation of H . We show first that Σ is a strongly irre-
dundant R-representation of H . Since H is integrally closed we may replace D with its integral
closure and assume via the Krull–Akizuki Theorem that D is an integrally closed Noetherian do-
main. Also note that if V ∈ Σ has Krull dimension 1, then since V ∈ Γ , we have R ⊆ VPV = V ,
contrary to the assumption that no member of Σ contains R. Hence every member of Σ has
Krull dimension 2.
Claim 1. If Σ∗ has only one element, then Σ is a strongly irredundant R-representation of H .
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assumption R ⊆ U , and since there exists V ∈ Σ such that V ⊆ U but R  V , it follows from
Proposition 3.9 that RQ∩R = U .
Next observe that (R + Q)/Q has quotient field U/Q. Indeed, suppose that u ∈ U . Then
since RQ∩R = U there exists r ∈ R \ Q such that ru ∈ R. Thus (r + Q)(u + Q) ∈ (R + Q)/Q,
so (R +Q)/Q has quotient field U/Q.
Now we claim that Σ is an irredundant R-representation of H . For each D-subalgebra A
of U , define A∗ = (A+Q)/Q. Then D∗ is a field or a Noetherian domain of Krull dimension 1.
For all V ∈ Σ , since by assumption V ⊆ U , we have Q ⊆ V ⊆ U . Hence by the Modular Law:
D∗ ⊆ H ∗ =
(( ⋂
V∈Σ
V
)
∩R
)∗
=
( ⋂
V∈Σ
V ∗
)
∩R∗ ⊆ U∗.
For any V ∈ Σ , since R  V but R ⊆ U , it follows that U /∈ Σ . Hence for each V ∈ Σ ,
V ∗ is a valuation ring such that D∗ ⊆ V ∗; R∗  V ∗; and V ∗ has quotient field U∗. Sup-
pose that there exists W ∈ Σ such that W is redundant in the R-representation Σ of H . Then
H = (⋂V∈Σ\{W } V )∩R ⊆ W , so that another application of the Modular Law yields:
( ⋂
V∈Σ\{W }
V ∗
)
∩R∗ ⊆ W ∗ ⊆ U∗. (5)
Suppose first that D∗ is field. In this case Q is centered on a maximal ideal of D. If Q∩D has
height 1, then U is by (2.4) an essential prime divisor of D, and since Q ⊆ W , we have that MW ∩
D = Q ∩ D. But then the one-dimensional Noetherian domain DQ∩D has a two-dimensional
valuation ring, W , as an overring, a contradiction. Hence Q∩D is a height 2 maximal ideal of D,
and by (2.4) U∗ is a function field over D∗ of transcendence degree 1. We have shown above
that R∗ has quotient field U∗. Thus by Lemma 4.1, W ∗ ∈ {V ∗: V ∈ Σ \ {W }} or R∗ ⊆ W ∗.
On the other hand, suppose that D∗ has Krull dimension 1. Then Q ∩ D is a nonmaximal
prime ideal of D. Also in this case, D∗ has quotient field U∗ since by (2.6) U = DQ∩D . Hence
by (5) and Lemma 4.2, W ∗ ∈ {V ∗: V ∈ Σ \ {W }} or R∗ ⊆ W ∗.
Thus regardless of whether D∗ is a field or D∗ has Krull dimension 1, we have that W ∗ ∈
{V ∗: V ∈ Σ \ {W }} or R∗ ⊆ W ∗. In the former case since Q is contained in every member of Σ ,
we have W ∈ Σ \ {W }, an impossibility. In the latter case we have R ⊆ W , a contradiction to
the choice of Σ . Therefore, since we arrive at a contradiction in all cases, we conclude that the
R-representation Σ of H is irredundant.
Finally we claim that Σ is a strongly irredundant R-representation of H . Let W ∈ Σ . If
Σ = {W } and W is not strongly irredundant in H = W ∩ R, then H = U ∩ R = R, contrary to
assumption. On the other hand, suppose that Σ = {W }. If H = U ∩ (⋂V∈Σ\{W } V ) ∩ R, then
since R ⊆ U , we have H = (⋂V∈Σ\{W } V )∩R, contrary to the already established irredundance
of the R-representation Σ of H . Hence Σ is a strongly irredundant R-representation of H . This
proves Claim 1.
Claim 2. If Σ∗ is finite, then Σ is a strongly irredundant R-representation of H .
Write Σ∗ = {U1, . . . ,Un}. By Claim 1, we may assume n > 1. For each i = 1, . . . , n, define
Σi = {V ∈ Σ : V ⊆ Ui}. Then Σ = Σ1 ∪ · · · ∪ Σn. Without loss of generality, it is enough to
show that each V ∈ Σ1 is strongly irredundant in the R-representation Σ of H .
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that (
⋂
W∈Σ\Σ1 W) ∩ R ⊆ V for some V ∈ Σ1. Since R  V and R ⊆ VPV = U1, we have by
Proposition 3.9 that Q1 := PV ∩R is a height 1 prime ideal of R with RQ1 = VPV = U1. Similarly
for each i = 2, . . . , n, Qi := MUi ∩ R is a height 1 prime ideal of R with RQi = Ui . Hence the
prime ideals Q1, . . . ,Qn are distinct height 1 prime ideals of R. Define I = Q2 ∩ · · · ∩ Qn.
Now since R  V but R ⊆ VPV it follows since V is a valuation domain of Krull dimension 2
that RV = VPV = U1. Thus since I is an ideal of R, we have IV = IRV = IVPV = VPV , since
I  Q1 = PV ∩ R. Thus 1 ∈ IV , so I  MV , and we may choose x ∈ I \ MV . Since for each
i = 2,3, . . . , n, Qi ⊆ (⋂W∈Σi W)∩R, we have x ∈ I = Q2 ∩ · · · ∩Qn ⊆ (⋂W∈Σ\Σ1 W)∩R ⊆
V . Thus since x /∈ MV , x is a unit in V . Now if r ∈ R, then rx ∈ I ⊆ V , so that since x is a unit
in V , r ∈ V . But this implies that R ⊆ V , contrary to assumption. Thus we conclude that for all
V ∈ Σ1, (⋂W∈Σ\Σ1 W)∩R  V .
Now suppose that there exists V ∈ Σ1 such that (⋂W∈Σ\{V } W) ∩ R ⊆ V . Define R1 =
(
⋂
W∈Σ\Σ1 W)∩R. Then by assumption (
⋂
W∈Σ1\{V } W)∩R1 ⊆ V . We have established above
that no member of Σ1 contains R1, so since Σ∗1 has only one element, we may apply Claim 1
to obtain that V is strongly irredundant in the R1-representation Σ1. Hence V is strongly irre-
dundant in the R-representation Σ . Therefore, if Σ∗ is finite, then Σ is a strongly irredundant
R-representation of H .
Claim 3. If Σ∗ has finite character and there are only finitely many essential prime divisors of
D contained in Σ∗, then Σ is a strongly irredundant R-representation of H .
Recall that we have assumed that Σ is nonempty, R ⊆⋂U∈Σ∗ U and no member of Σ con-
tains R. Let W ∈ Σ , and define m = MW ∩ D. We show that W is strongly irredundant in the
R-representation Σ of H . By Lemma 4.3, Σ is a Noetherian space and Σ(m)∗ is a finite set.
Define R2 = (⋂V∈Σ\Σ(m) V ) ∩ R. Then Σ(m) is a Noetherian R2-representation of H , and to
show that W is strongly irredundant in the R-representation Σ of H , it suffices to prove that W is
strongly irredundant in the R2-representation Σ(m) of H . Now since Σ(m)∗ is finite, it follows
from Claim 2 that Σ(m) is a strongly irredundant R2-representation of H if and only if R2  W
for all W ∈ Σ(m).
Let W ∈ Σ(m). We claim that R2  W . Suppose by way of contradiction that R2 ⊆ W .
Since Σ is a Noetherian subspace of Zar(D), we have by (2.1c) that (⋂V∈Σ\Σ(m) Vm) ∩ Rm =
(R2)m ⊆ Wm = W . Each member of Σ \ Σ(m) is centered on a maximal ideal of D distinct
from m. (Note that m is a maximal ideal of D by (2.5).) Hence for each V ∈ Σ \ Σ(m),
VPV ⊆ Vm. By assumption R ⊆ VPV for all V ∈ Σ , so we have R ⊆ (R2)m ⊆ W , a contra-
diction. Therefore, R2  W and W is strongly irredundant in the R-representation Σ , and since
the choice of W was arbitrary, Σ is a strongly irredundant Noetherian R-representation.
Claim 4. Σ = Γ .
Let V ∈ Γ , and define Σ ′ = Σ ∪ {V }. Then Σ ′ is an R-representation of H , (Σ ′)∗ has finite
character, and there are only finitely many essential prime divisors of D contained in (Σ ′)∗. Also
R ⊆⋂U∈(Σ ′)∗ U , and no member of Σ ′ contains R. Thus we may apply Claim 3 to Σ ′ to obtain
that Σ ′ is a strongly irredundant R-representation of H . Since Σ is an R-representation of H
with Σ ⊆ Σ ′, it must be that V ∈ Σ . Therefore, Σ = Γ . 
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overrings of D. If V ∩R ⊆ W , then V ⊆ W or VPV ∩WPW ∩R ⊆ W .
Proof. Define H = V ∩ R and R1 = WPW ∩ VPV ∩ R. If H = R1, then the claim is clear. Thus
we suppose that H = R1, and hence V is strongly irredundant in H = V ∩ R1. If R1  W , then
since R1 ⊆ WPW , we have by Theorem 4.5 that W = V . 
Corollary 4.6 is a trivial observation when W has Krull dimension 1. Its usefulness lies in the
case where W has Krull dimension 2.
Corollary 4.7. Let H be an overring of D, and let H ′ be the intersection of all the valuation
overrings of H of Krull dimension 1. If V and W are valuation overrings of H and V ∩H ′ ⊆ W ,
then V = W or H ′ ⊆ W .
Proof. If V is a valuation overring of H , then by (2.3) VPV is a field or has Krull dimension 1.
Thus from Corollary 4.6 it follows that V ⊆ W or H ′ ⊆ W . If W has Krull dimension  1, then
H ′ ⊆ W ; otherwise, if V ⊆ W and W has Krull dimension 2, then V = W since by (2.3) V has
Krull dimension 2. 
Let H ⊆ R be integrally closed overrings of D. Then every subset of {V ∈ Zar(H): R  V }
is an R-representation of an integrally closed domain B with H ⊆ B ⊆ R. More precisely, we
may define a mapping φH,R from the set {Σ ⊆ Zar(H): R  V for all V ∈ Σ} to the set {B: B
is an integrally closed domain with H ⊆ B ⊆ R} by φH,R(Σ) = (⋂V∈Σ V )∩R. Clearly φH,R is
an onto mapping. The next corollary indicates a situation in which φH,R is a bijection, and hence
the integrally closed rings B with H ⊆ B ⊆ R can be described in a transparent way.
Corollary 4.8. Let H  R be integrally closed overrings of D, and suppose that R is a subring
of every valuation overring of H of Krull dimension 1. If there is an R-representation Σ of H
such that Σ∗ has finite character and there are at most finitely many essential prime divisors of
D contained in Σ∗, then the mapping φH,R is a bijection.
Proof. We need only verify that φH,R is injective. Let Σ1,Σ2 ⊆ Zar(H) with R  V for all
V ∈ Σ1 ∪ Σ2, and let B = (⋂V∈Σ2 V ) ∩ R. Suppose also that B = (⋂V∈Σ1 V ) ∩ R. Since R
is a subring of every valuation overring of H of Krull dimension 1, we have by Theorem 4.5
that {V ∈ Σ : R  V } = {V ∈ Zar(H): R  V }. Thus Σ∗1 and Σ∗2 have finite character, and each
set contains only finitely many essential prime divisors of D. Therefore, another application of
Theorem 4.5 yields Σ1 = {V ∈ Zar(B): R  V } = Σ2. 
It is not hard to find examples to illustrate the corollary. For example, suppose that A is an
integrally closed overring of D that is not completely integrally closed. Define R to be the inter-
section of all the valuation overrings of A of Krull dimension 1. Then since A is not completely
integrally closed, A = R. Let Σ be any collection of valuation overrings of A such that Σ∗ is fi-
nite, and define H = (⋂V∈Σ V )∩R. Then H ⊆ R meets the criteria of the corollary, so we may
use φH,R to describe all the integrally closed rings between H and R. More interesting examples
are given in [18].
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In this section we prove uniqueness results for strongly irredundant representations of over-
rings of D. Let H be a domain, and let R be an overring of H . If V is a valuation overring
of H , then we say that V is a (strongly) irredundant R-representative of H if there exists an
R-representation Σ of H such that V ∈ Σ and V is (strongly) irredundant in this representation.
Thus V is a strongly irredundant R-representative of H if and only if there exists an integrally
closed overring R1 of H such that H = V ∩R1 ∩R and V is strongly irredundant in this intersec-
tion. In the case where R is the quotient field of H , we simply say that V is a strongly irredundant
representative of H . Thus V is a strongly irredundant representative of H if and only if there
exists an integrally closed overring R1 of H such that H = V ∩R1 and V is strongly irredundant
in this intersection.
Lemma 5.1. Let H ⊆ R be integrally closed overrings of D. Suppose that V is an irredun-
dant representative of H of Krull dimension 2 and V is a localization of H . If Σ is an R-
representation of H , then R ⊆ V or V ∈ Σ .
Proof. Suppose that R  V , and let M = MV ∩H . Then by assumption V = HM , and by Propo-
sition 3.2, V is a strongly irredundant representative of H . We claim that V ∈ Σ . Fix W ∈ Σ .
Now
V = HM = WM ∩
( ⋂
U∈Σ\{W }
U
)
M
∩RM.
Since V is a valuation domain and R  V , this forces W ⊆ V or ⋂U∈Σ\{W } U ⊆ V . If W ⊆ V ,
then since V has Krull dimension 2 and by (2.3) W has Krull dimension 2, this forces W = V ,
so that V ∈ Σ , proving the claim. Otherwise, suppose that W  V . Then ⋂U∈Σ\{W } HMU∩H ⊆
V = HM . We claim that there exists U ∈ Σ \ {W } such that MU ∩ H = M . Suppose by way
of contradiction that MU ∩ H = M for all U ∈ Σ \ {W }. By Proposition 3.6, M is a divisorial
ideal of H , so we may write M = x−1H ∩ H for some 0 = x ∈ M−1. Then, since we have
assumed that MU ∩ H = M for all U ∈ Σ \ {W }, it must be that x ∈⋂U∈Σ\{W } HMU∩H \ HM ,
a contradiction. Thus there exists U ∈ Σ \ {W } such that MU ∩ H = M , so that V = HM ⊆ U .
Then V ⊆ U ∈ Σ and MV = MU ∩ V , so U = V , which implies that V ∈ Σ . 
For the next lemma we recall the notation of (2.2).
Lemma 5.2. Let H ⊆ R be integrally closed overrings of D, and suppose that V is a valuation
overring of H such that H = V ∩ R and V is strongly irredundant in this intersection. Let I be
an ideal of H with I ⊆ MV . If Σ is an R-representation of H , then Σ(I) is an R-representation
of H .
Proof. Let Γ = {W ∈ Σ : R  W }. If V is a localization of H of Krull dimension 2, then
V ∈ Σ(I) by Lemma 5.1, and clearly in this case, Σ(I) is an R-representation of H . Suppose
that V is not a localization of H of Krull dimension 2. Then by Corollary 3.5, PV ∩H = MV ∩H .
Clearly, Γ is an R-representation of H . We claim that Γ ⊆ Σ(I). Let W ∈ Σ , and define Q =
MW ∩ H . Suppose that W /∈ Σ(I), so that I  Q. Then since PV ∩ H = MV ∩ H , we have
that VQ is the quotient field of H , since no nonzero prime ideal of V survives in VQ. Thus by
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W /∈ Γ . This proves that Γ ⊆ Σ(I), and it follows that Σ(I) is an R-representation of H . 
The next theorem shows that if an overring H of D has a strongly irredundant R-re-
presentative V of Krull dimension 2, then H cannot be expressed via an R-representation Σ ,
unless Σ includes V . Examples in [15] show that this theorem is not valid if the restriction that
V has Krull dimension 2 is removed.
Theorem 5.3. Let H ⊆ R be integrally closed overrings of D, and let V be a valuation overring
of H of Krull dimension 2. Then V is a strongly irredundant R-representative of H if and only
if V is a member of every R-representation of H .
Proof. Let M = MV ∩ H . Suppose that V is a strongly irredundant R-representative of H ,
and let Σ be an R-representation of H . We first observe that we may reduce to the case that
H = V ∩ R, where V is strongly irredundant in this intersection, and Σ is an R-representation
of H such that Σ = Σ(M). For since V is a strongly irredundant R-representative of H , there
exists an integrally closed overring R1 of H such that R1 ⊆ R, H = V ∩ R1 and V is strongly
irredundant in this intersection. Since M ⊆ MV , we have by Lemma 5.2 that Σ(M) is an R1-
representation of H . Thus after relabeling, we may assume without loss of generality that H =
V ∩ R, where V is strongly irredundant in this intersection, and Σ is an R-representation of H
such that Σ = Σ(M). We show that V ∈ Σ .
If HM = V , then by Lemma 5.1, V ∈ Σ . Thus we suppose that HM = V . Define
B = End(M) ∩ R. Then by Lemma 3.8, B = VPV ∩ R, and since V is strongly irredun-
dant in H = V ∩ R and V = VPV , it must be that B = H . We claim that for every W ∈
Zar(H) \ Zar(B), WPW = VPV . Let W ∈ Zar(H) \ Zar(B). Since WPW has Krull dimension 1,
End(MWPW ) = WPW , so B ⊆ End(M) ⊆ WPW . Since B = VPV ∩R, B is an integrally closed do-
main. Thus by Proposition 3.9, BPW∩B = WPW , and in particular, PW ∩B is a height 1 prime ideal
of B . Now we claim that M ⊆ PW . If M  PW , then since W is a valuation ring, PW  MW ,
so that End(MW) = W since MW is an MW -primary ideal of the valuation ring W . Thus if
M  PW , then B ⊆ End(M) ⊆ W , contrary to assumption. Hence M ⊆ PW , and since PW ∩ B
has height 1, PW ∩ B is a prime ideal of B that is minimal over M . Similarly, since B  V and
B ⊆ VPV , we have that BPV ∩B = VPV . Now from the assumption that H = V ∩R and HM = V ,
we have by Proposition 3.2 that M = PV ∩ H = PV ∩ B . Thus M is a prime ideal of B , and
since PW ∩B is a prime ideal of B minimal over M , this forces PV ∩B = M = PW ∩B . Hence
VPV = BM = WPW , which proves that for any W ∈ Zar(H) \ Zar(B), VPV = WPW .
Finally, since Σ is an R-representation of H , B ⊆ R and B = H , it follows that there exists
W ∈ Σ \Zar(B). Thus V ∩R = H ⊆ W , and by Corollary 4.6, V ⊆ W or VPV ∩WPW ∩R ⊆ W .
However, as we have shown, VPV = WPW , so in the latter case, B = VPV ∩ R ⊆ W , contrary
to assumption. Thus V ⊆ W , and since B ⊆ WPW and B  W , it must be that W has Krull
dimension 2. Since V is a valuation ring of Krull dimension 2, this implies that V = W ∈ Σ .
Conversely, suppose that V is a member of every R-representation of H . Let Σ be an R-
representation of H . Define Σ1 = {W ∈ Σ : R ∩V  W }. Then Σ1 ∪ {V } is an R-representation
of H with V /∈ Σ1. If V is not strongly irredundant in this R-representation, then Σ1 ∪ {VPV }
is an R-representation of H not containing V , contrary to assumption. Thus V is a strongly
irredundant R-representative of H . 
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sion 2. In the theorem we allow modification of our usual “R” by intersection with completely
integrally closed rings. Note also that the collections Σ1 and Σ2 consist of strongly irredundant
R-representatives of some underlying ring H , the point being that we do not have to assume
these valuation rings are strongly irredundant representatives of the ring (
⋂
V∈Σ1 V )∩R1 ∩R =
(
⋂
V∈Σ2 V )∩R2 ∩R.
Theorem 5.4. Let H ⊆ R be integrally closed overrings of D, and let R1 and R2 be com-
pletely integrally closed overrings of H . If Σ1 and Σ2 are collections of strongly irredundant
R-representatives of H of Krull dimension 2 such that
( ⋂
V∈Σ1
V
)
∩R1 ∩R =
( ⋂
V∈Σ2
V
)
∩R2 ∩R,
then Σ1 = Σ2.
Proof. Let V ∈ Σ1. We claim first that there exists an R-representation Γ1 of R1 ∩ R such that
V /∈ Γ1. Suppose that this is not the case. Then V is in every R-representation of R1 ∩ R. Thus
since V has Krull dimension 2, we have by Theorem 5.3 that V is a strongly irredundant R-
representative of R1 ∩ R. Set M = MV ∩ R1 ∩ R. By Lemma 3.8, End(M) ∩ R = R1 ∩ R. But
since R1 is a completely integrally closed domain, End(I ) = R1 for all nonzero ideals I of R1.
Hence End(MR1) = R1, so that End(M) ⊆ R1 and End(M)∩R = R1 ∩R, a contradiction. Thus
there exists an R-representation Γ1 of R1 ∩R such that V /∈ Γ1.
Set B = (⋂W∈Σ1 W) ∩ R1 ∩ R. We claim that V is a strongly irredundant R-representative
of B . Suppose otherwise. Then B = VPV ∩ (
⋂
W∈Σ1\{V } W)∩R1 ∩R ⊆ V . By assumption there
exists an integrally closed overring A1 of H such that H = V ∩ A1, A1 ⊆ R and V is strongly
irredundant in this intersection. For each W ∈ Σ1 \ {V }, since W has Krull dimension 2 and
W = V , we have by Theorem 5.3 that A1 ⊆ W . Thus VPV ∩A1 ∩R1 ⊆ B ⊆ V , so that H = VPV ∩
A1 ∩ R1. Let Δ1 be an R-representation of A1. Then {VPV } ∪ Δ1 ∪ Γ1 is an R-representation
of H . Since A1  V , we have V /∈ Δ1. But then Theorem 5.3 forces V ∈ Γ1, contrary to the
choice of Γ1. We conclude that V is a strongly irredundant R-representative of B .
Finally, an argument similar to the one above shows that there exists an R-representation Γ2
of R2 ∩ R such that V /∈ Γ2. Thus since V is a strongly irredundant R-representative of B and
Σ2 ∪ Γ2 is an R-representation of B , we have by Theorem 5.3 that V ∈ Σ2. This proves that
Σ1 ⊆ Σ2. Similarly, Σ2 ⊆ Σ1. 
Let H ⊆ R be integrally closed overrings of D. In what follows, we use the notation RepR(H)
for the set of strongly irredundant R-representatives of H . It is possible that RepR(H) is empty;
see Example 6.4.
In Corollary 6.4 of [12], Heinzer and Ohm show that if H is a domain, R is an overring of
H and H has a finite character R-representation Σ consisting of valuation overrings of Krull
dimension 1, then every strongly irredundant R-representative of H of Krull dimension 1 is a
member of Σ , and the set of all such representatives is a finite character R-representation of H .
Combining this with Theorem 5.3, we obtain:
Theorem 5.5. Let H ⊆ R be integrally closed overrings of D. If there exists an R-representation
Σ of H consisting of strongly irredundant R-representatives of H such that the set
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strongly irredundant R-representation of H .
Proof. First note that by assumption Σ ⊆ RepR(H). We verify the reverse inclusion. Let V ∈
RepR(H). By assumption there exists an integrally closed domain R1 ⊆ R such that H = V ∩R1
and V is strongly irredundant in this intersection. Define Σ1 = {W ∈ Σ : R1  W }. Then Σ1 is
an R1-representation of H . Suppose that there exists W ∈ Σ1 such that W has Krull dimension 2.
Then since {V } ∪ Zar(R1) is an R-representation of H , R1  W and W ∈ RepR(H), we have by
Theorem 5.3 that W = V . Thus in this case V ∈ Σ , as claimed. Suppose, on the other hand, that
no member of Σ1 has Krull dimension 2. Then Σ1 is a finite character R1-representation of H
consisting of valuation rings of Krull dimension 1. Hence by Theorem 5.3, RepR1(H) consists
only of valuation rings of Krull dimension 1. Therefore, by the theorem of Heinzer and Ohm
discussed above, RepR1(H) ⊆ Σ1, so since V ∈ RepR1(H), we have V ∈ Σ1 ⊆ Σ . This proves
that RepR(H) = Σ .
Finally to prove that Σ is a strongly irredundant R-representation of H , it is enough by
Corollary 3.3 to show that Σ is an irredundant R-representation of H . If Γ ⊆ Σ and Γ is
an R-representation of H , then Γ ⊆ RepR(H) and {V ∈ Γ : V has Krull dimension 1} has finite
character. Hence we may apply the previous argument to conclude that Γ = RepR(H) = Σ . This
shows that Σ is an irredundant, hence strongly irredundant, R-representation of H . Moreover, if
Γ is another strongly irredundant R-representation of H , then Γ ⊆ RepR(H) = Σ , so since Σ
is a strongly irredundant R-representation, Σ = Γ . 
Corollary 5.6. Let H ⊆ R be integrally closed overrings of D. If Σ1 and Σ2 are collections of
strongly irredundant R-representatives of H such that
H =
( ⋂
V∈Σ1
V
)
∩R =
( ⋂
V∈Σ2
V
)
∩R
and {V ∈ Σ1 ∪Σ2: V has Krull dimension 1} has finite character, then Σ1 = Σ2.
Proof. By Theorem 5.5, Σ1 = RepR(H) = Σ2. 
Corollary 5.7. Let H  R be integrally closed overrings of D. If H has a Noetherian R-
representation, then RepR(H) is a Noetherian R-representation of H and it is the unique
strongly irredundant R-representation of H .
Proof. Let Σ be a strongly irredundant Noetherian R-representation of H . (By (2.1d) there
exists at least one such R-representation of H .) By (2.1d) Σ∗ has finite character, so by Theo-
rem 5.5, Σ = RepR(H). Moreover, if Γ is any strongly irredundant R-representation of H , then
Γ ⊆ RepR(H), so by Theorem 5.5, Γ = RepR(H). 
If I is an ideal of H , then we define RepR(I) = {V ∈ RepR(H): I ⊆ MV }.
Corollary 5.8. Let H  R be integrally closed overrings of D, let I be an ideal of H and suppose
that there exists an R-representation Σ of H such that Σ(I) is a Noetherian subspace of Zar(H).
Then RepR(I) ⊆ Σ(I)∪Σ(I)∗.
852 B. Olberding / Journal of Algebra 318 (2007) 834–855Proof. Let V ∈ RepR(I), and define M = MV ∩H . Since I ⊆ M , Σ(M) ⊆ Σ(I). Hence Σ(M)
is a Noetherian subspace of Zar(H) and V ∈ RepR(M). Thus to prove the corollary we may as
well assume I = M . Since V ∈ RepR(M), there exists an integrally closed overring R1 of H
such that R1 ⊆ R, H = V ∩R1 and V is strongly irredundant in this intersection. By Lemma 5.2,
Σ(M) is an R1-representation of H . Since Σ(M) is a Noetherian R1-representation of H , there
exists by (2.1d), Γ ⊆ Σ(M) ∪ Σ(M)∗ such that Γ is a strongly irredundant Noetherian R1-
representation of H . By Corollary 5.7, {V } = Γ , so V ∈ Σ(M)∪Σ(M)∗. 
Under the hypotheses of Corollary 5.8, if Σ is a Noetherian R-representation of H , then
RepR(H) ⊆ Σ ∪Σ∗ (simply take I = 0 in the corollary).
Corollary 5.9. Let H be an integrally closed overring of D. If there exists a Noetherian repre-
sentation Σ of H such that every member of Σ is an irredundant but not a strongly irredundant
representative of H , then H is a Noetherian domain.
Proof. Necessarily every member V of Σ has Krull dimension 2, and by Proposition 3.2,
PV ∩ H is a nonmaximal prime ideal of H . Hence, for each V ∈ Σ , we have by (2.6) that
HPV ∩H = VPV . Now by Corollary 5.8, Rep(H) ⊆ Σ ∪ Σ∗, and by Corollary 5.7 Rep(H) is
a strongly irredundant Noetherian representation of H . Thus Rep(H) ⊆ Σ∗, so by (2.1d) and
(2.3), H is a finite character intersection of DVR overrings of D. Heinzer proves in [8] that
a finite character intersection of DVR overrings of a two-dimensional Noetherian domain is a
Noetherian domain. Thus H is a Noetherian domain. 
6. Examples
We give first an example to show that Corollary 5.6 need not hold if R is not integrally closed.
Example 6.1. In this example we construct overrings H ⊆ R of a two-dimensional Noetherian
domain such that for some valuation overrings V and W of H , H = V ∩R = W ∩R and V and
W are strongly irredundant in their respective representations, but V = W . Thus by Corollary 5.6,
R is not an integrally closed domain. Let D = Q[X,Y ], and let P = (Y 2 −X3 −X+1)Q[X,Y ].
Then P is a prime ideal. Let A = (D + PDP )/PDP . Then the quotient field of A is DP/PDP .
Write A = Q[x, y], where x, y ∈ A and y2 = x3+x−1. Consider the subring Q[x] of DP/PDP ,
and let U = Q[x](x−1). Then there exist two distinct valuation rings U1 and U2 with quotient field
DP/PDP such that U = U1 ∩ Q(x) = U2 ∩ Q(x) [7, p. 15]. Moreover, there exists a subring R
of DP such that PDP ⊆ R ⊆ DP and R/PDP = Q(x), and there exist valuation overrings V1
and V2 of D such that V1/PDP = U1 and V2/PDP = U2. Now (V1 ∩R)/PDP = U1 ∩ Q(x) =
U = U2 ∩ Q(x) = (V2 ∩R)/PDP . Hence V1 ∩R = V2 ∩R, but V1 = V2 since U1 = U2.
The next example shows that the uniqueness results of the last section do not in general extend
to overrings of three-dimensional Noetherian domains. I thank Bill Heinzer and Alan Loper for
pointing out this example.
Example 6.2. This example exhibits an integrally closed overring H of a three-dimensional
Noetherian domain such that H has uncountably many distinct Noetherian strongly irredundant
representations. Let K be a field, and let X,Y,Z be indeterminates for K . Define D = K[X,Y ],
U = D[Z](Z) and H = K + ZU . Let X1(D) denote the set of height 1 prime ideals of D. For
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K(X,Y ) such that wα(X) = −1, wα(Y ) = −α and wα(k) = 0 for each nonzero k ∈ K . For each
α > 0, define Γα = {DP : P ∈ X1(D)} ∪ {Wα}. Note that ⋂W∈Γα W = K . Next for each α > 0,
define Vα = Wα + ZU and Σα = {W + ZU : W ∈ Γα}. Then Σα is a collection of valuation
overrings of H ; indeed, H =⋂V∈Σα V , so that Σα is a representation of H . Moreover, since
Γα has finite character, it follows that Σα is a Noetherian subspace of Zar(H). Thus Σα is a
Noetherian representation of H .
Fix α > 0. Clearly,
⋂
V∈Σα\{Vα} V  Vα . On the other hand, if P ∈ X1(D), then we may
write P = fD. Let Vf = DP + ZU . Then f−1 ∈⋂V∈Σα\{Vf } V but f−1 /∈ Vf . It follows that
Σα is an irredundant Noetherian representation of H . Furthermore, since U is the only proper
overring of Krull dimension > 0 of every member of Σα , Σα must be a strongly irredundant
Noetherian representation of H . Hence H has uncountably many (one for each α > 0) distinct
strongly irredundant Noetherian representations.
The overrings H considered in our next examples are Prüfer domains, meaning that each
valuation overring of H is a localization of H . We will use the following two properties in the
construction of the next examples.
(A) Let H be a Prüfer domain, and let Σ be a representation of H . Then Σ is an irredundant
representation of H if and only if for each V ∈ Σ , there exists a finitely generated ideal of H
contained in MV but not in MW for any W ∈ Σ \ {V } [5, Lemma 1.6 and Theorem 1.7].
(B) Let F be a field, let Σ be a collection of valuation rings having quotient field F , and
define H =⋂V∈Σ V . If there exists a nonconstant monic polynomial f (X) ∈ H [X] such that
for every V ∈ Σ , there is no root of f (X) in the residue field of V , then H is a Prüfer domain;
see for example [6, Section 2], [14] and [19] and their references. Thus if K is a subfield of F ,
K is not algebraically closed and every valuation ring in Σ contains K and has residue field
(isomorphic to) K , then H is a Prüfer domain.
Example 6.3. This example exhibits an overring H of a two-dimensional Noetherian domain
such that H has a strongly irredundant representation Σ but H does not have a Noetherian rep-
resentation. Moreover, Σ can be chosen so that either every member of Σ has Krull dimension 1
or every member of Σ has Krull dimension 2. Let K be an infinite field that is not algebraically
closed, and let D be a two-dimensional regular local ring with maximal ideal m such that K ⊆ D
and K = D/m. Let x, y ∈ m be such that m = (x, y)D, and define B = D[x/y]. Then B/yB
is isomorphic to the polynomial ring K[Z], where Z is an indeterminate for K . Hence, since
K is an infinite field, there exists an infinite collection P of maximal ideals of B such that for
each n ∈ P , m ⊆ n and B/n = K . For each n ∈ P choose a valuation overring V of B such
that PV ∩ B = n and the residue field of V is K . (Since Bn is a regular local ring of Krull di-
mension 2 and Bn has residue field K , there are many such possible choices for V , since one
may consider, as we did for D, a monoidal transform of Bn. Moreover, one may choose V to
be of Krull dimension 1 or 2.) Let Σ be the collection of these valuation rings, one for each
member of P , and define H =⋂V∈Σ V . Since each V ∈ Σ contains K and has residue field
K and K is not algebraically closed, H is by property (B) above a Prüfer domain. Moreover,
since each V ∈ Σ has residue field K , MV ∩ H is a maximal ideal of H . Each V is centered
on a different (finitely generated) ideal of B , so it follows from property (A) that no member
of Σ can be omitted from the representation Σ of H . Thus Σ is an irredundant representation
of H , and since each member of Σ is a localization of H , Σ is by Proposition 3.2 a strongly
irredundant representation of H . Moreover, Σ∗ does not have finite character, since Σ is infinite
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Finally, we observe that there does not exist a Noetherian representation of H . For otherwise,
by Corollary 5.7, Rep(H) is a strongly irredundant Noetherian representation of H , but since
Σ ⊆ Rep(H) this is impossible, since Σ is not a Noetherian space, and hence not a subspace of
a Noetherian space.
Example 6.4. In this example we exhibit a two-dimensional Noetherian domain having a col-
lection Σ of valuation overrings such that Σ∗ has finite character but H :=⋂V∈Σ V has no
irredundant representatives. Let K be a field of characteristic 0 that is not algebraically closed.
Let D be an integrally closed local domain such that D has Krull dimension 2, D has residue field
K and D is the localization of a finitely generated K-algebra. Let m denote the maximal ideal
of D. Let Σ be the set of all the valuation overrings V of D of Krull dimension 2 such that the
residue field of V is K and V ⊆ Dp for some height 1 prime ideal p of D. Define H =⋂V∈Σ V ,
and observe that Σ∗ has finite character. By (B), H is a Prüfer domain.
To show that H has no irredundant representatives, it suffices by property (A) to prove
that every nonzero proper finitely generated ideal of H is contained in at least two maximal
ideals of H . Let I = (x1, . . . , xn)H be a nonzero proper finitely generated ideal of H . Define
B = D[x1, . . . , xn], and let F be the quotient field of D. Using resolution of singularities one
obtains a smooth projective K-variety Y of F |K and a birational morphism Y → Spec(B) of
K-varieties [13]. Since every valuation ring in Σ has residue field K , every valuation ring in Σ
is centered on a K-rational point of Y , i.e. a point whose local ring has residue field K . More-
over, since K is not algebraically closed, the set of K-rational points of Y lies in an open affine
subvariety of Y , so there exists an overring C of B such that B ⊆ C ⊆ H , and every localization
of C at a maximal ideal of C is a regular local ring of Krull dimension 2 [2, Proposition 3.3].
Since I is a proper ideal of H , there exists a maximal ideal n of C such that x1, . . . , xn ∈ n
and n is the center of a valuation ring in Σ . (The center of every valuation ring in Σ must be
a maximal ideal by (2.5).) Since Cn is a regular local ring, there exist infinitely many prime
ideals p of C contained in n such that Cn/pCn is a DVR. (For example, if nCn = (y, z)Cn, then
for each k ∈ K , the residue ring of the prime ideal (y + kz)Cn is a DVR.) Since also Cn is a
localization of a finitely generated D-algebra, at most finitely of these prime ideals lie over m
[10, Remark 3.1(1)]. Hence there exist at least two distinct height 1 prime ideals p1 and p2 of C
such that for i = 1,2, pi ∩D is a height 1 prime ideal of D and Cn/piCn is a DVR. For i = 1,2,
set Vi = Cn + piCpi . Then V1 and V2 are distinct K-rational valuation overrings of D of Krull
dimension 2 centered on m, and I ⊆ MV1 ∩ MV2 . Since for each i, pi ∩ D is a height 1 prime
ideal of D, it follows that Dpi∩D = Cpi . Thus V1,V2 ∈ Σ , and this proves the claim.
In the example, Σ∗ contains infinitely many essential prime divisors of the base domain D.
If this is not the case, that is, if there are only finitely many essential prime divisors in Σ∗, then
by Lemma 4.3, Σ is a Noetherian space, and by Corollary 5.7, Rep(H) is a strongly irredundant
representation of H , where H :=⋂V∈Σ V . Hence the above sort of example can occur only
when Σ∗ has infinitely many essential prime divisors of D.
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